In this paper, a functionally graded cantilever beam with an open crack is investigated on the base of Timoshenko beam theory; power law of functionally graded material (FGM) and taking into account actual position of neutral axis instead of the central one. The open and edge crack is modeled by coupled translational and rotational springs stiffness of which is calculated by the formulas conducted accordingly to fracture mechanics. Using the frequency equation obtained in the framework of the theory natural frequencies of the beam are examined along the crack parameters and material properties. This analysis demonstrates that sensitivity of natural frequencies of FGM beam to crack is strongly dependent on the material constants of FGM.
INTRODUCTION
Due to advantage properties compared to the laminate composites the functionally graded material (FGM) has been intensively studied recently and got wide application in the high-tech industries. An overview of the problems for manufacturing, modelling and testing FGM was given in [1] . Numerous methods such as the Finite Element Method (FEM) [2] ; Spectral Element Method (SEM) [3] ; Dynamic Stiffness Method (DSM) [4] or Rayleigh-Ritz method [5] have been developed for analysis of structures made of FGM. Nevertheless, the analytical methods are still the most accurate and efficient for dynamic analysis of functionally graded beam-like structures [6] [7] [8] [9] . While the most of the aforementioned studies investigated undamaged beam, the crack problem in FGM has been studied in [10] [11] . The most important result of the studies is that a crack in FGM beam can be modeled by an equivalent spring of stiffness calculated from the crack depth. Based on the rotational spring model of crack, Yang and Chen [12] studied free vibration and buckling of Euler-Bernoulli FGM beam with edge cracks. They found that natural frequencies of FGM beam with smaller slenderness and lower ratio of the bottom Young's modulus to the top one are more sensitive to cracks. The transfer matrix method was employed by Wei et al. [13] for obtaining frequency equation of FGM beam with arbitrary number of cracks in the form of third-order determinant. This simplifies significantly the modal analysis of multiple cracked FGM beam. Aydin [14] has conducted an expression for mode shape of FGM beam with multiple cracks and used it for constructing the frequency equation in the form of an explicit determinant of third-order also. Forced vibration and nonlinear free vibration of cracked FGM beam are investigated in Ref. [15] [16] . Based on the exponential law of FGM and rotational spring model of crack, Yu and Chu [17] and Banerjee et al. [18] have applied the FEM and the Frequency Contour Method (FCM) for detecting a crack in Euler-Bernoulli and Timoshenko FGM beams, respectively. Nguyen Tien Khiem and Nguyen Ngoc Huyen obtained a condition for uncoupling of longitudinal and bending vibration in FGM beam and studied uncoupled flexural vibration of the beam [19] .
In the present paper, an analytical approach in frequency domain is proposed to study free vibration of functionally graded Timoshenko beam with an open crack modeled by a pair of translational and rotational springs. This is a novelty of present paper in comparison with the previous ones where only rotational spring model of crack was adopted. Using the proposed model of crack, frequency equation of a cracked cantilever is conducted and used for sensitivity analysis of natural frequencies to crack parameters. Numerical results of natural frequencies as functions of crack positions and depths are obtained by MATLAB code. 
GOVERNING EQUATIONS

Model of FGM beam
where E, G and ρ with indexes t and b stand for elasticity, shear modulus and material density at the top and bottom respectively; z is ordinate from the central axis at high h/2. Assuming linear theory of shear deformation, the displacement fields in the cross-section at x are
being the displacements of neutral axis that is located at the high h 0 from the central axis; θ is slope of the cross-section. Therefore, constituting equations get the form
(2.4)
In the latter equation κ is a coefficient introduced to account for the geometry-dependent distribution of shear stress. Hamilton principle allows one to obtain equations of motion in the time domain as 
Eq. (2.5) get to be 0 ) ( 
(2.9)
Crack modeling
Assume that the beam has been cracked at the position e measured from the left end of beam and the crack is modeled by a pair of equivalent springs of stiffness T for translational spring and R for rotational one. Therefore, conditions that must be satisfied at the crack are ; 
Substituting (2.11) into (2.10) one can rewrite the latter conditions as
The so-called crack magnitudes . On the other hand, using expressions (2.6) the crack magnitudes (2.13) can be rewritten as γ , 20 γ , that are calculated from crack depth a for axial [20] and flexural [21] vibrations as ).
These functions would be used for calculating the crack magnitudes from given crack depth.
Characteristic equation
Continuous solution of Eq. (2.9) sought in the form 
(2.29)
Using the matrix-function notation
one is able to prove that the function
is general solution of Eq. (2.9) satisfying conditions (2.12) at the cracked section.
It can be easily to verify that boundary conditions for cantilever beam are 
(2.35)
Applying boundary condition (3.32b) for solution (2.34) one gets 
Thus, forward problem is to calculate natural frequencies of cracked or uncracked FGM beam by solving Eq. (2.37) or (2.38).
NUMERICAL RESULTS AND DISCUSSION
Comparative study
To investigate effect of actual position of neutral axis on natural frequencies of Timoshenko FGM cantilevered beam, it is examined an undamaged beam studied in [4] [4] where neutral axis is assumed coincident with the middle one shows that effect of actual position of neutral axis on the lower natural frequencies is clearly observed in the case of small slenderness, L/h=5, and n=2. In this case natural frequencies calculated with actual position of neutral axis are lower than those computed by the centroid axis theory. However, higher natural frequencies of FGM beam with greater slenderness and power law index are not very much changed by the correcting position of neutral axis. Table 2 . Observation of the graphs given in Figs. 1-4 provide that the sensitivity of natural frequencies is monotonically reducing with growing crack depth and it is dependent also on the material and geometry of the beam. Namely, the sensitivity is increasing with elasticity modulus ratio . Fig. 4 shows that natural frequencies of flexural vibration modes become less sensitive to crack for increasing slenderness ratio and it is independent on whatever material the beam is made of but the axial mode frequencies show to be most sensitive to crack when L/h = 10. 
CONCLUSION
Major results obtained in the present paper are as follows:
A consistent theory of vibration beam has been formulated in the frequency domain for functionally graded Timoshenko beam that can be used for analysis of either free or forced vibrations in the beam.
Frequency equation for functionally graded Timoshenko beam with single crack modeled by coupled translation and rotation springs was constructed in a form that is applicable straightforward to frequency analysis of the beam. Application of the equation for natural frequency analysis of FGM beam demonstrates that natural frequencies of flexural vibration modes are more sensitive to crack than those of axial vibration modes and the natural frequency sensitivity is strongly dependent on both material and geometry parameters of functionally graded Timoshenko beam.
The theory proposed in the present work can be further developed for analysis and identification of FGM beam with multiple cracks.
